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1. Theoretical formulation

The present short notes explain the basic features of the Theory of Thin Plates with
particular emphasis to orthotropic ones.

A final application of an approximate procedure based on the double Fourier series is
also proposed and applied.

Far from being a complete and exhaustive textbook on the theory of plates (which can be
rather found within the texts mentioned in the last chapter) the present notes are only
intended as a short guide for remarking the basic assumptions and the final results of the
theory and supporting students in finding approximate solutions by using double Fourier
series.

1.1 Introduction and preliminary definitions

A plate can be defined as a three-dimensional body characterized by the two basic
geometric properties commented below [2]:
- Thinness: one of the plate dimensions, its thickness, is much smaller than the other two ones;
- Flatness: the midsurface of the plate, which is the locus of the points that halve the thickness
“fibers” or “filaments”, is a plane.

Figure 1: rectangular thin plate

The bending problem in plates is completely described by the displacement field w(x,y) of the
above mentioned mid surface:

w=w(x,y) . (1)
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The other displacement components are zero on the midsurface (at least in the considered

case of only transverse load applied on the plate) and can be easily derived depending as a

function of w(x,y) as the following hypothesis, usually assumed for “thin plates”, is adopted:
the general chord of the plate (obtained by intersecting the body with two non-
parallel planes orthogonal to the mid surface) remains perpendicular to the mid
surface in the deformed configuration.

1.2 Displacement field

On the basis of the above kinematic assumptions briefly outlined above, the overall
displacement field of the body can be easily derived as shown in the following subsections.

1.2.1 Displacements in the x-z plane

Oy

Figure 2: Displacement representation in the x-z plane

g, =- 2" . )
y o0x

ow(x,
u(x,y.Z)=(Py(X,Y)‘Z:_%’Z ' (3)

1.2.2 Displacements in the y-z plane

Figure 3: Displacement representation in the x-z plane
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J
dy
ow(x,
V(X,y,z):_(px(x,y).zz_%y).z | -

Consequently, the following differential relationships completely define the
displacement field of thin plates in bending:

u=-z-— ; v=—Z-——. (6)

1.3 Deformation field

The strain expressions can be easily derived by using their general definition depending
on the displacement components within the framework of the Theory of Continuum
Mechanics:

Ju o*w
8XX aX Z aXz [)
e Ov_ 0w 8
w3y %7 ; (8)
ow
€,=—=0; (9)
0z
ou ov 9w
_ou v __ : 10
Yy =5 ok T axay 1o
_ou_ow_ _Jw Jw _ .. (11)
Txa dz Ox ox Ox ’
:a_V+a_W:_a_W+a_W:0 12
Tyz oz dy dy Oy ' (12)

The above derivation of the complete strain field of the plate, points out other peculiarity

of the thin plate model deriving directly by the initial kinematic assumptions:

- equation (9) confirms that the general chord of the plate remains undeformed in z-
direction;

- equations (11) and (12) remark that the model of thin plates is based on the hypothesis
that the mentioned normal chord remains normal to the deformed configuration of the
midsurface.

1.4 Constitutive relationships

The constitutive laws relating the strains and the corresponding stress field within an
elastic body can be placed in the following general form:

o=De¢g ; (13)
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D being the so-called stiffness matrix. Depending on the mechanical properties of materials,
various possible expressions can be considered for the matrix D.

The case of orthotropic materials (in two dimensions as considered for the particular
hypotheses introduced in the case of plates) is among the simplest and most utilized ones.
Equation (14) reports a reduced representation of the stiffness matrix D pointing out only the
explicit expression of the terms directly involved in the derivation of the stress components
depending on the non-zero strain components:

E, En, 0 0 0 0
Esoy, E, 0 0 0 0
1 0 0 D 0 0 0
D=+ 33 (14)
SRV VI 0 0 Ggy-(l-vyv,) 0 0
0 0 0 0 Dgs O
0 0 0 0 0 D |

The matrix terms in equation (14) provide the relationships between the non-zero strain
components derived in the previous paragraph and the corresponding stresses.

However, it is important to point out that, while 6, can be approximately neglected as a
result of the “thinness” hypothesis remarked at the beginning of the present notes, the two
shear stresses Tx; and 7Ty, cannot be neglected for the sake of equilibrium, although the
corresponding shear deformations are zero according to equations (11) and (12). Indeed,
they only vanish as a result of the simplified kinematical hypotheses assumed for describing
the plate behaviour in bending.

1.5 Stress field

The combined application of equations (13) and (14) points out the final definitions of
three of the components of the stress field:

E
O =Ty v X (e TV gy ) (15)
_nyvyx
E
y
6, =—>> (e +Vv. e.];:
yy 1V Vyr ( yy T Vxy XX) (16)
Ty =Gy Yy - (17)

The other components can be derived by considering the equilibrium equation for
continua in the absence of body forces:

aGXX aTXY aTXZ
+ + =0, (18)

0x dy 0z
a«.-yx . acyy . afcyz 0. (19)

0x oy 0z

Considering the former one, the following differential equation can be derived for Tx.:
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Iy _ 90y Iy (20
0z 0x dy
at at 06
r-__=%__3 (21)
0z 0x dy

The above relationships should be integrated with respect to z and the final relationship

for T, and Ty, throughout the plate thickness could be derived by imposing that they should be
zero on the two faces (namely, for z=+h/2).

1.6 Generalized stresses

Starting from the kinematic assumptions for the plate body, simplified relationships
have been derived for describing displacement, strain and stress fields.

In particular, equations (7), (8) and (9) suggest the definition of three “generalized”
strain parameters related to the “curvature” of the plate along the two main directions:

o*w
Ky =752 (22)
i 23)
X ayz ’
*w
=— . 24
%y =33y (24)

Generalized stresses can be defined starting for the point stresses determined in the
previous paragraph with the aim of relating them to the above generalized strain parameters.

y GXX

Figure 4: Point stresses on the positive face of a segmental plate element

In particular, the three stress components evaluated by equations (15), (16) and (17),
emerging on the positive faces of the plate lateral boundary, have been represented in Figure
4. The following generalized stresses can be defined:
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h/2
My = [ z:04-dz, (25)
~h/2
h/2
My, = J- Z'ny'dZ, (26)
~h/2
h/2
M,y =- J- Z-’ny'dZ , (27)
~h/2
h/2
M, = J- Z-Tyx'dZ . (28)
~h/2

It is worth to precise that in the previous equations the torques have been assumed
positive according to the reference system represented in Figure 4.

Introducing equation (15) in (26) the following expression relating the bending moment
Mxx to the above mentioned curvatures can be derived:

0w BZWJ

M, =-|D, 224D, - 2% 29
( aXZ 1 ayz (29)

3
VyxEh

C12:(1-vy vy,

3
D, = Exh and D,

12-(1-vyy vy )

. (30)
)

Following the same procedure, the following definition of the bending moment in Myy
can be derived:

0*w 0*w
M,, =-| Dj*—+D, - — |, 31
yy ( 1 Ix2 y ayzj (31)
with
E h v E h? v, E h3
y: y and Dl: A = == . (32)
12 (1-vyvyy ) 12 (1-vyvyy ) 12:(1-vyvyy)

Finally, the torques can be also defined as functions of the conjugated curvature as
follows:

*w
M, =2D,, ———, 33
Xy Xy axay ( )
o%*w
M, =-2D ——, 34
yx yX axay ( )
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3
D:D:Gh

w =Dy =Gy o - (35)

Furthermore, the shear forces acting on the x- and y-normal faces can be respectively
derived as follows:

h/2

To= [ tdz, (36)
—h/2
h/2

T, = j T,,dz . (37)
~h/2

1.7 Equilibrium conditions

Before of deriving the relations between the above generalized stresses as a result of the
equilibrium conditions, it is useful to remark the convention utilized so far for defining the
positive direction of the generalized stresses:

- bending moments are assumed positive if they induce tension on the bottom face and
tension of the top one;

- torques have been considered positive according to the positive directions of the axes;

- shear stresses are assumed positive if represented by a positive force on the positive face
of the plate.

% dx
i
y M) M
Myy My +dMyy
R e e
Myx+dMyx
dy| My
° X
Tx Tx+dTx
| -
Myx+dMyy Myy+dMyy
e
b4
Ty+dTy

Figure 5: Plan view of the signs of the generalized stresses applied on an elementary part of the plate
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Considering a transverse load po, ideally applied on the midsurface of the thin plate
(practically, rather applied on one or both of their larger faces), a first equation derives by
imposing the equilibrium condition in z direction:

oT T,
*dx |dy +| =T, + T, +—=-dy |dx+pydxdy =0 , (38)
ox dy

(—TX +T, +

and, after the due simplification:

oT, T,
s e A 39
ox ’ dy o (39)

The equilibrium condition can be also imposed in terms of rotation, i.e. around the point
P; first of all the equilibrium of moments in y-direction can be considered deriving the
following relationship:

(—MXX +M,, +

oM oMy,
2edx |dy +| —Myy + M, +——dy |dx—T,dydx =0, (40)
0x oy

and the final differential equation:

_ oM aMyx . (41)
*oox ay

Following a similar procedure, the rotation equilibrium around the point P can be
considered also for moments in the x-direction:

8Myy aMXy
+M,, —My, _Wdy dx+| -M,, +M,, + . dx |dy +T,dydx =0, (42)

and the final differential equation can be derived by simplifying the above one and
introducing Myx in lieu of Mxy according to equations (33) and (34):

oM oM
T = VX LYY . 43
Y ox " ay (43)

1.8 Differential equation in terms of transverse displacement
Introducing equations (41) and (43) in (39), the following equation can be obtained:
?*M,, . oM 0’M

o x P Po (44)

and, introducing therein equation (29), (31) and (34), the following final equation in terms of
the transverse displacement w(x,y) can be finally written:
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otw otw otw
D,——+2H- +D =Dy > 45
* ox*t ox%ay? ¥ oyt 0 (+)
where
H=D,+2D,, . (46)
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2. Approximate Solutions

Several methods for solving the partial-differential equation (45) taking into account the
boundary conditions deriving by either restraints or loads applied on the boundary of the
plate have been developed. In the present section, the method based on double Fourier series
will be explained and applied.

2.1 Solutions by double Fourier series

Approximate solutions of the problem can be easily found for rectangular and simply
supported plates by considering the double Fourier series. In particular, every function
f=f(x,y) of two variables x and y can be generally expressed as a double series of sine and
cosine terms.

Since such a method can be utilized for approximating the function w=w(x,y) whose
boundary value is zero as a result of the mentioned support conditions, only the sine terms
can be utilized in the present case. Consequently, every function f=f(x,y) can be expressed as
follows:

f(x,y)= ZZf sm— sm]ny (47)

=1i=1 b

in which, as a result of the properties of the integral of sine functions, the following
relationship can be stated for the coefficient fj;:

_4 jjf(x y)- sin- ™% ]Tliy dxdy . (48)

Consequently, if the load can be represented through the double Fourier series as
follows:

e . imx . jmy
p(x,y)zz Epi]--Sln—-Sln—]b ) (49)
j=1i=1 a

with the following expression of the general terms of the series:

4 T
pyj=—[[pCoy)-sin=> ’by dxdy . (50)

[y I—-)
O'—.O"

the following relationship can be derived in the rather common case of uniformly distributed
load p(x,y)=po:
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a . b .
pij=ﬂ- Isinm—xdx : Isin]nydy = 16p02 1,j=1,3,5,7.... (51)
CLIN a 0 b

a) m=n=9 b) m=n=11
Figure 6: Progressive approximations of the load function - uniformly distributed load
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Graphical examples on the quality of the approximation of a constant load by means of a
richer and richer sine series are represented in Figure 6 plotting the series in equation (49)
truncated at m and n as follows:

LN _imx . jmy
p(x,y)= E E pi]-'sm—'sm—] . (52)
j=1i=1 a b

Representing a function through its truncated Fourier series conceptually consists in
reducing the dimension of the structural problem at a dimension related to the values of m
and n.

After expressing the displacement function w=w(Xx,y) in Fuorier series:

w(x,y)= ZZW njn_y . (53)

=1i=1 b

such expression can be introduced in into the equation (45) along with the expression of p
based on equation (49) for deriving the coefficients wij depending by pi;:

(oo} (oo} . 4‘
zz m ZH(mj (Ej +D (]nj Wj; sm— sm]n—y—
i1 i1 a b b a b

, (54)
=zz p;j -sin— sm]Tcy
j=1i=1 a
and, finally:
16py
_ Pjj _ n° i-j
Wij = N i2].2 j4_ N i2].2 ].4
4
D, | — 2H| — — D_| ~ D,|—| +2H| — = | +D,| — 55
(2 (o ()| o) @ e
i,j=1,3,5,7....

Consequently, the complete expression of the displacement function can be placed in the
following shape:

w(x,y)= 6pozz 2 .12 = 2 sin % sin 1Y
i=1j=1, i i'(] j a b
o ) vl (3] o) (56)
a a

i,j=1,3,5,7....
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2.2 Application of the method to a RC plate supported on the boundary

The orthotropic plate model can be proficiently utilized for simulating the key aspects of
the behaviour of various structural systems; those listed below are among the most common
ones:

- reinforced concrete plates, whose anisotropy (even being often neglected in the practical
applications) theoretically derives by the possibly different amount of steel reinforced
placed in the two main directions;

- steel-concrete composite bridge decks, in which the two order of steel beams in the two
directions of the bridge (namely, parallel and normal to the bridge axis) result in an
orthotropic behaviour of the deck;

- laminated composite materials, made out of two materials (usually called “phases”),
namely a matrix, usually made out epoxy-resin, and some fibers, possibly carbon-, glass-
or aramid-based, directed in one or two (but even four or more) direction in plan.

The bending behaviour of the above materials as well as the one of other structural
systems can be reproduced through the orthotropic plate model.

For instance, a possible application of that model can be proposed by considering a RC
plate; the following calculations assume that no cracking occurs in concrete.

Since anisotropy basically derives by the possibly different amount of steel rebars in the
two directions, we can assumed that both Young moduli and Poisson ratios in the two
directions are those of concrete:

E.=E =E_, Vyy =Vyx =V¢ - (57)

The stiffness coefficients defined in equation (45) can be evaluated for the particular
problem at hand by considering the homogenization procedure for all the relevant geometric
properties of concrete; such procedure results by the two following hypotheses:

- linear behaviour of the two materials (namely, concrete and steel) described by their

Young moduli E¢ and Es, respectively;

- no relative deformation between steel rebars and concrete.

Starting by those hypotheses, the equivalent moment of inertia of the plate section in the
two direction can be easily derived once the value of the modular ratio neq=Es/Ec ha been
defined. Consequently, the following expression of the stiffness coefficients involved in
equation (45) are defined as follows

ECIC,Xeq E

i = b(l—vcz) ) b(l—cucz) ‘[Ic'x +(neq _1)'15"‘] ’ (>8)
E.
D, = a(; j};cz) ) a(lﬁcucz) '[IC'Y - (neq - 1) ' Is'y] ' (%)

Since the following transformation can be considered in the definition of the coefficient
Di defined in (30)

v.E 1% v.E I 1
Dleq: c'X'X . — cCy'y . :VcDxeq:Vcheq (60)
12:b-(1-v ) 12:a-(1-v7)

it can be written in the following form:
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D¢ =v, /D, D, (61)

and for similar reasons the following transformation can be considered for the coefficient Dyy:

Gl

D CC'Xeq:GI e E I E I,

cey C ox C cy ’ 62
CA— 2 2.(1+v) b 2(1+v.) a (62)

and finally

E. -(1- .9 E. -(1- .59 (1- g ———
nyeq: [« ( Vc) C,X — C ( VC) cy :( ZVC)_ Dxquyeq . (63)

2:(1-v2) b 2:(1-v2) a

Finally, since

Heq =D +2D,,% =,[D,*9D, % | (64)

and equation (45) can be finally placed in the following shape for the problem at hand:

o*w o*w o*w
pea’W, Jpeapea. IW ,pea®W_, 65
X aX4 X y aXZayz y ay4 0 ( )

or, equivalently,

84w+ D, 9*w DS o*w  p,

oax* \D® ox’oy* D% oy* D
Introducing the following scale change in y-direction,
D,
Y1=4 D, A (67)

the following changes have to be introduced in the partial derivatives:

*w D% o*w o*w _ D, 9*w

_ , = : 68
dy’> \ D, oy, dy* D, 9yt ©9
and, finally, the equation (66) can be transformed to obtain a shape formally equivalent to the
one derived for the case of isotropic material:

4 4 4
ox Jx“dy,~ dy," D,

(69)
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Finally, the general solution in double Fourier series described in equation (56) can be
simplified as follows as a result of the formal transformation of the above equation:

L dmx L
sm—-smmy—1

16p) v« % a b -
w(x, = E E i,j=1,3,5,7....
o (o) (o)

The maximum displacement of the plate is achieved in the mid point of its plan and
consequently for a point of coordinate (x,y)=(a/2,b/2):

in jm
sin—-sin—

16 oo o0
Wiy =223 22 j=1357...
T i=1 j=1 i 2 N2
el
a

The following algebraic transformation can be finally introduced in the above expression
for simplifying its numerical application:

(71)

4 o o _ 1
_ 16ppa* 16p2" S5 (-1) 2 i,j=1,3,5,7....

nDellJ1 , azz (72)
i-j| (i) +(bjj

Finally, an well approximate solution can be obtained by truncating the above series at
the third terms in both i and j:

16pqa* 1 1 1 1
W ~—2P0 - ~ + . (73)

mx = p {u(iﬂz 3{%(;)2] 3.{“9.(;)2]2 729{“1-(;}2}2

16ppa’t i
JAopd J1 1 1 1 00406202 (74)
4 300 300 2916 D ¢4

X
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